INTRODUCTION
Understanding and predicting failure is of crucial importance for improving the design of many engineering structures. Failure of materials is characterized by the appearance of discrete cracks. In contrast to purely brittle fracture, the failure process in most materials takes place in a zone that is larger than its atomistic microstructure. A realistic description of failure requires this process zone to be taken into account.
Discrete fracture models that incorporate a process zone, referred to as cohesive zone models, were introduced by Dugdale [1] and Barenblatt [2] . In contrast to the models for brittle fracture, as introduced by Griffith [3] , in a cohesive zone model a material gradually loses its load-bearing capacity. The finite element method is commonly used for the discretization of cohesive zone models. From the perspective of element technology, the challenge lies in flexibly capturing the internal traction boundaries, by which cracks are modeled. This is particularly so when propagating discontinuities are to be simulated. Among the available finite element technologies for capturing propagating discontinuities are interface elements (e.g. [4, 5, 6] ) and embedded discontinuities (e.g. [7, 8] ). Nowadays, the partition of unity method (PUM, or XFEM, e.g. [9, 10, 11] ) is considered as the most flexible element technology for capturing propagating cracks.
In this contribution isogeometric finite elements, as introduced by Hughes et al. [12] , are used to introduce the cohesive zone. Isogeometric analysis is regarded as the fusion of computer aided design (CAD) and finite element analyses (FEA), and has successfully been applied to a large variety of problems [13] , including problems in solid mechanics (e.g. [12, 14, 15] ). Isogeometric finite elements have several advantages compared to classical finite elements. Their ability to exactly represent complex geometries is of particular interest in cohesive zone models, since the mesh resolution in such models is often dictated by the necessity to capture complex geometries (e.g. hard inclusions embedded in a softer matrix). Another advantage of isogeometric finite elements is the higher-order continuity conditions that can be achieved. In cohesive zone models, this is important since cracks can be discretized by smooth surfaces.
One possibility of discretizing the cohesive zone formulation using isogeometric finite elements is to use them in combination with the partition of unity method. In that case the discontinuities would be embedded in the solution space by means of Heaviside functions. Although such an approach would benefit from both advantages of the isogeometric approach, isogeometric finite elements offer the possibility to directly insert discontinuities in the solution space. The conceptual idea is that in the isogeometric approach the inter-element continuity can be decreased by means of knot insertion, e.g. [16] . Knots should not be confused with finite element nodes, although the proposed concept of treating discontinuities is similar to that in interface elements.
In this contribution we show that the isogeometric concept can be used to discretize both predefined and propagating discontinuities. In section 2 we introduce the cohesive zone formulation along with the fundamental set of assumptions made in this work. In section 3 we introduce the isogeometric discretization strategy. We first discuss how discontinuities can be inserted in B-splines and NURBS, the fundamental building blocks of isogeometric analysis. Subsequently, we outline how discontinuity boundaries can be inserted in NURBS and T-splines, which are used for modeling pre-defined and propagating discontinuities, respectively. In section 4 we discuss some algorithmic aspects, and the approach is demonstrated by a variety of numerical simulations in section 5.
COHESIVE ZONE FORMULATION
Consider a solid Ω ⊂ R N (with N = 2 or 3) as shown in Figure 1 . The displacement of the material points x ∈ Ω is described by the displacement field u ∈ R N . The external boundary of the body is composed of a boundary Γ u on which essential boundary conditions are provided, and a boundary Γ t with natural boundary conditions. In addition an internal boundary Γ d is present which represents either an adhesive interface between two separate regions, or a cohesive crack.
Under the assumption of small displacements and displacement gradients, the deformation of the material is characterized by the infinitesimal strain tensor ε ij = on either side of the internal discontinuity Γ d . In the absence of body forces, the strong form quasi-static equilibrium equations are then given by
In these equations σ is the Cauchy stress tensor and n is the vector normal to the boundaries. The prescribed boundary displacements and traction are given byû andt, respectively, and the Einstein summation convention has been used.
The weak form of the equilibrium equations (1) is obtained by multiplication with a virtual displacement δu and integrating over the domain Ω. After the application of Gauss' theorem, this results in
This equation should be satisfied for any admissible displacement field δu subject to the Dirichlet boundary conditions on Γ u . The Dirichlet boundary conditions are satisfied by building them into the solution space. From an implementation point of view, it is convenient to rewrite the weak form, equation (2) , in matrix-vector notation as
where σ and γ are the Voigt form of the Cauchy stress tensor σ and engineering strain, respectively. Matrix-vector notation will be used in the remainder of this work, with bold fonts indicating matrices and vectors. The essence of the cohesive zone formulation is the relation between the traction acting on Γ d and the jump in the displacement field over this internal boundary, as represented by the last equation of (1) and the second integral in the equations (2) and (3). The relation t = t( u ) is commonly referred to as the traction-opening relation, or the cohesive law. Generally a distinction is made between initially rigid and initially elastic traction-opening relations. The former case is typical for cohesive cracks, for which the discontinuity only appears when a fracture criterion is violated. The latter is typical for adhesive cracks, which show a gradual increase in opening before their fracture strength is reached, after which unrecoverable damage accumulates in the interface. Over the past decades many different traction-opening relations have been proposed for a wide variety of applications. The two most important parameters used in these models are the fracture strength, which is the maximum traction that can be applied on an interface, and the fracture toughness, which represents the amount of energy dissipated per unit of cracked surface.
In many cases one is interested in studying the evolution of cracks, and their effect on the load bearing capacity of a structure. In those cases, the internal discontinuity boundary Γ d gradually extends through the domain Ω in such a way that Γ d (t) ⊆ Γ d (t + ∆t). The evolution of the discontinuity is governed by a fracture criterion, which requires the stress state at the crack tip to be equal to the fracture strength when the crack is propagating. The direction of propagation is usually taken perpendicular to that of the maximum principal stress.
Here we apply a staggered solution procedure to model the evolution of the discontinuity boundary, as is also commonly done in partition of unity-based approaches (e.g. [9, 11] ) and interface elements-based approaches (e.g. [17] ). In this staggered approach we solve the equilibrium equations (3) for a fixed internal boundary Γ d . If the stresses are such that the fracture criterion inside the domain Ω is violated, we create a new discontinuity. We extend the crack with an increment that can depend on the employed discretization. A similar approach can be found in the context of configurational force models for fracture (e.g. [18] ).
THE ISOGEOMETRIC APPROACH
The fundamental idea of the isogeometric approach is to discretize the cohesive zone formulation discussed in section 2 using a solution space that: i) exactly represents a broad range of geometric entities, and ii) allows for discontinuities in the displacement field over the internal boundaries Γ d . We first demonstrate how discontinuities are introduced in B-splines and non-uniform rational B-splines (NURBS). These basis functions can be considered the fundamental building blocks of isogeometric analysis. We then demonstrate how NURBS can be used to model pre-defined discontinuities. Next, we introduce T-splines and demonstrate their superiority to NURBS when used to model propagating discontinuities.
Discontinuities in B-splines and NURBS
The fundamental building block of isogeometric analysis is the univariate B-spline, e.g. [16, 13] . A univariate B-spline is a piecewise polynomial defined over a knot vector Ξ = {ξ 1 , ξ 2 , . . . , ξ n+p+1 }, with n and p denoting the number and order of basis functions, respectively. The knot values ξ i are non-decreasing with increasing knot index i, i.e. ξ 1 ≤ ξ 2 ≤ . . . ≤ ξ n+p+1 . As a consequence, the knots divide the parametric domain [ξ 1 , ξ n+p+1 ] ⊂ R in knot intervals of non-negative length. We refer to the knot intervals of positive length as elements. When several knot values coincide, their multiplicity is indicated by m i , where i corresponds to the index of the knot values. The B-splines used for analysis purposes are generally open B-splines, which means that the multiplicity of the first and last knot (m 1 and m n+p+1 ) is equal to p + 1.
A B-spline of order p is defined as a linear combination of n B-spline basis functions
where N i,p (ξ) represents a B-spline basis function of order p and A i is called a control point or variable. Equation (4) is typically used for the parameterization of curves in two (with A i ∈ R 2 ) or three (with A i ∈ R 3 ) dimensions. For open B-splines a(ξ 1 ) = A 1 and a(ξ n+p+1 ) = A n . The B-spline basis is defined recursively, starting with the zeroth order (p = 0) functions
from which the higher-order (p = 1, 2, . . .) basis functions follow by the Cox-de Boor recursion formula [19, 20] 
Efficient and robust algorithms exist for the evaluation of these non-negative basis functions and their derivatives, e.g. [21] . B-spline basis functions satisfy the partition of unity property, and B-spline parameterizations possess the variation diminishing property, e.g. [22] . B-splines are also refineable, which is important in the context of isogeometric analysis, e.g. [23] . However, a drawback of B-splines is their inability to exactly represent many objects of engineering interest, such as conic sections. For this reason NURBS, which are a rational generalization of B-splines, are commonly used. A NURBS is defined as
where w(ξ) = n i=1 N i,p (ξ)W i is the weighting function. In the special case that W i = c ∀i, where c may be an arbitrary constant, the NURBS basis reduces to the B-spline basis.
In this contribution, the NURBS (or B-spline) basis is used for both the parameterization of the geometry and the approximation of the solution space for the displacement field u, that is
We refer to X i and U i as the control points and displacement control variables, respectively. In contrast to C 0 finite elements, a control point or variable does not generally coincide with an element vertex in the physical space.
The property of NURBS of particular interest for cohesive zone modeling is that they are p − m i times continuously differentiable over a knot i. This allows for the direct discretization of higher-order differential equations, e.g. [24] . The ability to control inter-element continuity is useful for cohesive zone models, since discontinuities can be inserted arbitrarily by means of and with (right) a discontinuity at
knot insertion. In fact, a jump in the displacement field at a certain point x d = x(ξ d ) in the physical space can be created by raising the multiplicity of the knot ξ d to m i = p + 1. There exist efficient methods to determine parametric position ξ d from x d . In general, a non-linear iterative procedure is required [21] . We illustrate the concept of inserting discontinuities in the solution space by means of a simple example, viz. a one-dimensional rod loaded in tension (Figure 2) . The rod has length L, stiffness EA and is loaded by a force P . Let the rod be parameterized by a quadratic NURBS with knot vector Ξ = {0, 0, 0, 1, 1, 1}, and let the control points be given by X 1 = 0, X 2 = 1 2 L and X 3 = L with uniform weigths W 1 = W 2 = W 3 = 1. The corresponding basis functions are shown in Figure 3 . This choice of control points results in a linear parameterization of the rod, i.e. x = Lξ. Using the shape functions, the displacement field can be approximated by equation (9) . Any convenient method for solving this problem will then give the coefficients
EA , which can obviously be rewritten as the exact solution u(x) = P x EA . Now consider the composite rod shown in the right of Figure 2 . The two segments of the rod, with stiffnesses EA 1 and EA 2 and lengths L 1 and L 2 (with L 1 + L 2 = L), are connected by an adhesive layer at x = L 1 . The (zero thickness) adhesive layer is assumed to have a stiffness k, such that the displacement jump over the layer equals u = P/k. Since the basis functions corresponding to Ξ = {0, 0, 0, 1, 1, 1} are C 1 -continuous on (0, L), the discontinuous deformation of the composite rod cannot be represented exactly by these basis functions. In order to be able to find the exact solution of the composite rod problem, we enhance Figure 3 . When the corresponding control points are taken as
If we then determine the deformation of the rod using the new basis functions, we find the coefficients
EA2 , which is the exact solution to the problem.
Discretization of a solid with pre-defined discontinuities using NURBS
The isogeometric concept introduced in the previous section can be extended to the multidimensional case. In the remainder of this work we restrict ourselves to the two-dimensional case. The parameterization of a body Ω ⊂ R 2 can then be obtained by a NURBS surface. Such a surface can be comprised of one or more NURBS patches. A two-dimensional NURBS patch gives a bivariate parameterization of Ω based on the knot vectors Ξ = {ξ 1 , ξ 2 , . . . ξ n+p+1 } and
in which the bivariate NURBS basis functions are given by
where N i,p (ξ) and M j,t (η) are univariate B-spline basis functions defined over the knot vectors Ξ and H, respectively. From equation (10) it is observed that an arbitrary body Ω can be parametrized by the provision of the nodal control points X i,j ∈ R 2 and their corresponding weights W i,j . We refer to the set of control point positions and weights as the control net. An example of the parameterization of a body Ω by a cubic (p = t = 3) NURBS patch is shown in the top pictures of Figure 4 . A shaded area in the index space corresponds to a region of nonzero area in the parameter space. We call these shaded regions elements.
A body Ω with an internal discontinuity boundary Γ d can also be parameterized by a single NURBS patch, as shown in the bottom pictures of Figure 4 . In this case, the discontinuity is created by inserting a knot at η = η d = 1 3 with multiplicity t+1 = 4 in the knot vector H. In the case of the small deformation cohesive zone formulation, the continuity of the position vector x is preserved by constraining the control point positions (and their weights) on either side of the discontinuity. From an implementation point of view, those constraints are enforced by equating the positions and weights of the control point pairs on the crack surface. This constraint is not required in the case of the displacement field
Hence, a jump in the displacement field over the discontinuity boundary Γ d can be captured by the solution space. Note that in a large deformations setting, the material position field x in the deformed configuration is discontinuous. In that situation constraints should be applied to satisfy the continuity of the material points in the undeformed configuration.
In order to compute the control point displacements U i,j ∈ R 2 we rewrite equation (12) as
with a ∈ R 2ns being the state vector and I the 2 × 2 identity matrix. Similarly, we can express the engineering strain and displacement jump over the discontinuity Γ d in terms of the state vector as
in which
otherwise (17) with 0 being the 2 × 2 zero matrix. Computation of the matrix in equation (16) requires the evaluation of the Jacobian, which is computed by evaluation of the partial derivatives of the parameterization (10) . Substitution of the equations (13), (14) and (15) in the weak form, equation (3), yields the non-linear system of equations
The Dirichlet constraints are satisfied by means of constraints on the state vector a, corresponding to the control point displacements U i,j with nonzero contributions on Γ u . A Newton-Raphson solution procedure is then used to solve the non-linear system of equations (18) . The integrals (19) and (20) are evaluated in the parameter domain using a Gaussian quadrature, as discussed in Ref. [13] . Improved performance can likely be obtained by considering more advanced integration rules [25] .
As a consequence of the definition of a NURBS patch, a discontinuity inevitably propagates throughout a complete patch. In some cases, such as that shown in Figure 4 , this allows for the parameterization of a body with a discontinuity. However, for the more general case of Figure 1 , the body Ω with discontinuities Γ d cannot be described by a single NURBS patch. One approach to this problem is to use multiple NURBS patches, tied together with C 0 constraints on patch boundaries [13] . In this way, a broad range of bodies with pre-defined discontinuities can be discretized.
Discretization of a solid with propagating discontinuities using T-splines
Combining NURBS patches is generally a cumbersome task. This is particularly so when a propagating discontinuity is considered, since the partitioning of the computational domain by NURBS patches needs to be performed after each nucleation or propagation. For propagating discontinuities it is therefore attractive to use T-splines.
T-splines were introduced by Sederberg et al. [26] and have recently been used for analysis purposes [27] . Another application of T-splines can be found in [28] . T-splines are a generalization of NURBS in the sense that NURBS are a particular class of T-splines. The motivation behind a T-spline can be understood by first considering the localization of a single basis function in a B-spline or NURBS patch. The basis function R p,t i,j may be completely defined by a set of local knot vectors Ξ i,j ⊂ Ξ and H i,j ⊂ H of length p + 2 and t + 2, respectively. In the case that the orders p and t are odd, to which we will restrict ourselves in this work, the knot vectors associated with the vertex (i, j) in the index space are
and . The upper NURBS patch in Figure 4 can therefore also be represented by means of a T-mesh as shown in the top left picture of Figure 5 . Note that in the representation of the T-mesh the outer indices are omitted since the basis functions associated with these vertices are zero over the elements (gray areas in Figure 5 ). If the local knot span of a basis function falls outside the index space, the boundary index is repeated as many times as necessary. To illustrate this, we present the local knot vectors for the upper mesh in Figure 5 in Appendix I. Obviously, the number of T-spline basis functions in this case equals ns, the same as for the NURBS patch in Figure 4 .
The T-mesh allows for the insertion of discontinuity boundaries locally. In contrast to the NURBS case discussed in the previous section, a discontinuity can be inserted that does not span the complete width of the index space. If we again consider the example of inserting a crack at η d = 1 3 , we restrict the discontinuity to the leftmost element, by only inserting horizontal knot lines in the index space until i = 6 (in the middle pictures of Figure 5 ). We present the local knot vectors for this T-spline mesh in Appendix I. Note that the local knot vectors of the basis functions in the vicinity of the discontinuity are changed, whereas those away from the crack remain unchanged. The crack can propagate by extending the horizontal knot lines in the index space associated with the discontinuity, as shown in the bottom pictures of Figure 5 . As can be seen from Figure 5 , we extend the knot line throughout the complete T-spline mesh in the parameter and physical space. It is, however, emphasized that only a part of this knot line represents a line of decreased continuity, as indicated by the bold lines in the physical space. In this work we refer to the shaded areas in the parameter space as elements, which differs from the definition adopted in Ref. [29] , where element boundaries are associated with lines of decreased continuity.
In Figure 5 the insertion of a C −1 line in the horizontal direction (at η d = lines are introduced to shield the crack segments from the rest of the domain and from each other. This is required to satisfy the condition that a crack can only propagate such that Γ d (t) ⊆ Γ d (t + ∆t). Moreover, it allows us to parameterize a crack with the minimum number of basis functions, denoted by the ⊕ points in Figure 5 . Note that additional control points are inserted at (i, j) ∈ [5, 6] ⊗ [3, 6] in the center picture to shield the crack from e.g. the . The control points associated with nonzero basis functions at the discontinuity are indicated by ⊕. The control points to which constraints are applied to prevent crack opening in front of the crack tip are indicated with a gray background. In the physical space it is observed that the parameterization of the body Ω is changed when a cohesive segment is inserted. To clarify this, the isoparameter, η = η d , before reparameterization is indicated by the dotted line in the physical space. The local knot vectors for the upper two T-spline meshes are provided in Appendix I.
basis function associated with vertex (6, 2). Unfortunately, insertion of these additional control points allows the discontinuity to also extend in the element in front of the crack tip. This is prevented by constraining these basis functions (control points with gray background) such that the displacement field in front of the crack tip remains continuous. We also constrain the control points associated with the crack tip (the ⊕ with gray background) in order to prevent the crack tip from opening, i.e., we require that u = 0 at the crack tip.
In the case of third-order basis functions the parameterization of a crack requires the provision of four relations in the case that the crack path is parameterized by means of a polynomial (the control point weights are all taken equal). These relations are provided by prescribing the position of the crack at both sides of a segment, as well as its normal vectors. A continuous crack path is then obtained by matching the end point of one segment to the starting point of the next. The differentiability of the crack path is assured by matching the normal vectors of two adjacent crack segments. Some details on the parameterization of the crack path are provided in section 4.2.
Upon the extension of a crack, the parameterization of the body Ω is in general changed. In Figure 5 
Since in the case of a T-mesh the approximation of the displacement field can also be expressed in the form of equation (12), the discretization procedure is exactly the same as for the NURBS discussed in section 3.2. The fact that the number of basis functions changes upon the insertion of a cohesive segment, requires the recomputation of the converged state vector. Redetermination of the history parameters is also required due to the change in parameterization of the body Ω. These algorithmic aspects are discussed in section 4.4.
ALGORITHMIC ASPECTS
In this section some algorithmic aspects that are important for the implementation of the isogeometric framework are discussed. These algorithmic aspects are primarily related to the modeling of propagating discontinuities.
Direction and instance of propagation
As in the case of partition of unity-based finite element models for discrete fracture, a C 0 continuity condition exists at the crack tip. As a result, the stress tensor at the crack tip is generally not uniquely defined. The instance of propagation is determined on the basis of the stress tensor in the integration point closest to the crack tip. If the fracture strength of the material is exceeded, crack propagation is assumed. Crack nucleation is governed by the same criterion, evaluated for the stress tensors in all integration points.
As is done in partition of unity-based models, the direction of propagation of a crack is based on a smoothed stress tensor as suggested in [30] . The smoothed stress is determined using the weighting function used in [9] w = 1
In this weighting function, which should not be confused with the NURBS weighting function introduced in section 3.1, l is the smoothing length and x tip is the position of the crack tip. Figure 6 . Schematic representation of the crack path after nucleation and propagation. The isoparametric lines before (dotted) and after (solid) reparameterization are shown.
Use of this smoothed stress measure for the determination of the normal vector was found to improve the reliability of the observed crack path, especially on coarse meshes.
Crack path parameterization
As discussed in section 3.3, in the isogeometric approach a crack is extended per element. In the case that an isoparametric description of order three or higher is considered, a crack path can be created with a continuous normal vector, as illustrated in Figure 6 . The maximum attainable smoothness of the crack path increases with increasing order of the isogeometric discretization. In this work, we restrict ourselves to continuously differentiable cracks. If the stress criterion is violated in an integration point (indicated by × in Figure 6 ), a cohesive segment is inserted through that integration point. The normal vector corresponding to the direction of the maximum principal stress is used to determine the direction of the cohesive segment. Since our nucleation criterion does not provide information on the curvature of the crack, we assume the initial cohesive segment to be a straight line (the segment between x 1 and x 2 in Figure 6 ). The crack tips x 1 and x 2 are determined as the intersections of the straight cohesive segment with the isoparameteric lines corresponding to the element boundaries (the solid lines in Figure 6 ). Note that the normal vectors n 1 and n 2 correspond to the direction of the maximum principal stress in the violated integration point. In general, an inserted cohesive segment will not coincide with an isoparametric line in the mesh, as is required in order to insert a discontinuity. The reparameterization procedure to make the cohesive segment and the isoparametric lines coincident is discussed in the next section. In Figure 6 the isoparametric lines after reparameterization are indicated by the dashed lines.
When a tip violation is encountered, the crack is extended over one element, as shown in Figure 6 . The starting point of the inserted curved crack segment is described by the position and normal vector of the violated tip (x 2 and n 2 ). The normal vector at the end point n 3 is required to match the principal direction of the stress tensor. The end position of the new segment x 3 is determined as the intersection of the crack path with the isoparametric line corresponding to ξ 3 before reparameterization. To compute this intersection, it is assumed that the normal and corresponding tangent vary linearly from n 2 at ξ 2 to n 3 at ξ 3 . After the insertion of a new cohesive segment, the parameterization of the interior of the domain is altered in order to align the new cohesive segment with the isoparametric lines of the mesh, as indicated by the difference between the solid and dotted lines in Figure 6. 
Determination of the T-mesh control net
In computer aided design, NURBS and T-splines (among others) are used to parameterize the geometry. When changes are made to the topology of the mesh, it is desirable to preserve the parameterization. As mentioned in section 3.2, for NURBS, efficient refinement algorithms exist which preserve parameterization. A T-spline refinement algorithm which preserves parameterization was proposed in [31] , but appeared to be non-local when applied in an adaptive analysis environment. The development of efficient local refinement strategies for analysis suitable T-splines is an area of active research [32] .
The fact that efficient and robust algorithms for T-spline refinement are not yet generally available, however, does not prohibit the type of analysis considered here. This is because the requirements on the preservation of the parameterization when changing the T-mesh topology are less strict in cohesive zone analyses than in design, where the geometry must be preserved exactly. Of course, it is of crucial importance that the boundaries of the physical domain, including the cracks, remain in the same position. However, the parameterization of the interior of the domain does not necessarily need to be conserved, as long as the mesh quality remains satisfactory. In practice this means that the curvatures of the elements should remain bounded. In this respect, the isogeometric approach is not much different from classical finite elements, in which the exact position of the elements is often of minor importance as long as the mesh quality is acceptable.
In this contribution we determine the inner control point positions for each T-mesh by requiring the geometry to minimize the gradients in the parameterization in some sense, while exactly representing the boundaries and cracks. We solve different problems to determine an initial mesh and for the control net evolution after the insertion of a cohesive segment. For notational convenience we use index notation in this subsection. The physical and parametric position vectors are given by x ∈ R 2 and ξ ∈ R 2 , respectively.
• In order to determine the control net for an initial mesh, and its mesh refinements, we solve an elliptic problem on the parameter domain (here denoted by Ω ξ ). The problem considered here is inspired by the elasticity problem, which minimizes the gradients in the displacement field. Here we consider a simple problem that is anticipated to minimize the gradients in the geometry parameterization. The problem is given by
while minimizing the variation in the control weights. In these equations, ψ ij = • The update of the control net after the insertion of a cohesive segment is determined by computing the displacement v of the physical positions with respect to the original parameterization x. Here we determine the displacement field v by solving a problem on the physical domain Ω, given by
such that the new positions of the physical space are given byx = x + v. The change in position required to model the crack,v, is provided by the crack path as described in section 4.2. As for the initial meshes, this system of equations is solved while minimizing the variation in the control weights. The problem (23) minimizes the gradient of the parameterization in a different way than problem (22) . For the numerical simulations considered in section 5, updating the parameterization using problem (23) was found to yield more robust results than using problem (22) . In the case of the composite rod introduced in section 3.1, the update scheme (23) reduces to The formulations that we used for both cases have proven their suitability for the numerical simulations considered in section 5, but we emphasize that they are by no means optimal. Improvement of the control net update schemes is a topic of further study.
State-vector and history values update
As discussed in section 2, a staggered solution scheme is used to trace the evolution of a crack path. This means that if at some point in the simulation an equilibrium solution u(x) = R(x)a is found in the form of the state vector a, it is possible that this equilibrium state triggers a crack extension and as a consequence results in a change in the T-mesh topology. As a result, the equilibrium state vector a is no longer the discrete form of the equilibrium solution u(x). In fact, the updated T-mesh will consist of more basis functions than the T-mesh on which a was determined. Since the next equilibrium state is determined as an increment to the previously converged state vector, it is necessary to determine the state vectorã corresponding to the equilibrium solution u(x) on the updated mesh. We achieve this by minimizing
withR being the T-mesh basis functions on the updated mesh. The updated state vector can then be determined by solving a linear problem. In the case that the solution space of the old T-mesh is nested in the new mesh, the functional E in equation (24) will minimize to zero. Since the parameterization of the body Ω changes upon the insertion of a cohesive segment, it can also be required to update the history parameters in the integration points. This situation is not encountered here, since history parameters are only considered for the integration points on the discontinuity boundary, for which the parameterization does not change. In the situation that history parameters are also used for the interior integration points, their updated values can be determined by solving a minimization problem similar to that in equation (24).
NUMERICAL SIMULATIONS
We illustrate the isogeometric discretization methods using various typical cohesive zone simulations. First, we demonstrate the use of a NURBS-based discretization for modeling the debonding process between a circular fibre and the epoxy it is embedded in. In this example the fracture surface is fixed throughout the debonding process, allowing for the use of NURBS and NURBS surfaces. In the second and third numerical simulations we consider propagating cracks, requiring the use of T-spline discretizations. The second simulation demonstrates the interaction between an adhesive and a cohesive crack, whereas in the third numerical experiment multiple cracks appear, including a strongly curved crack. Mesh convergence studies are presented for all numerical simulations. In those studies it is important to note that the scaling of the number of degrees of freedom with the number of elements differs from that in the case of traditional finite elements.
Fibre-epoxy debonding experiment
We consider a fibre with a 5 µm radius embedded in a 30×30 µm square block of epoxy ( Figure  7 ), as introduced in [33] . The depth of the specimen is assumed to be much larger than the other dimensions, hence a plane strain assumption is adopted. The specimen is loaded in the horizontal direction by gradually increasing the displacementū of the left and right edges. Contraction of the epoxy specimen in the vertical direction is prohibited by roller supports on the upper and lower edges of the block. The symmetry of the specimen allows to restrict the computational domain to the top right quadrant of the specimen, in combination with horizontal rollers along the x 1 -axis and vertical rollers along the x 2 -axis.
A linear elastic isotropic material description is used for both the fibre and the epoxy. For the epoxy a modulus of elasticity, i.e. the Young's modulus, of 4.3 GPa and Poisson's ratio of 0.34 is used. The fibre is much stiffer with a modulus of elasticity of 225.0 GPa and a Poisson's ratio of 0.2. The traction on the fibre-epoxy interface is related to its opening by means of the Xu-Needleman law [34] . The fracture strength and fracture toughness in normal (mode I) and shear (mode II) are taken equal to t ult = 50 MPa and G c = 4 · 10 −3 N/mm, respectively. Assuming the opening in the normal direction after complete shear failure to be equal to zero in the case of zero normal traction, the traction-opening relations are given by in the case of loading. The parameters δ n and δ s are the characteristic length parameters that are related to the fracture strength and fracture toughness by δ n = G c /(t ult e) and
2 e) with e = exp (1). The loading condition is checked on the basis of the history parameter κ and the loading function f = u n 2 + β −1 u s 2 − κ, with u n = 1 2 (| u n | + u n ) and β = 2.3 the mode-mixity parameter. The history function f evolves according to the Kuhn-Tucker conditions f ≤ 0κ ≥ 0κf = 0 (27) In the case of unloading (f < 0), the traction components are related to the crack opening by means of the secant stiffnesses. Finally an additional penetration stiffness k p = 1·10 5 MPa/mm is added in the normal direction in the case of negative crack opening in the normal direction.
The response of the fibre-epoxy system is determined using four different quadratic (p = t = 2) NURBS meshes. The coarsest mesh, consisting of only 8 elements (64 DOFs), is shown in Figure 8 . As can be seen, an attractive feature of the used discretization is that the geometry is represented exactly with only 8 elements. In order to create the discontinuity in the radial direction, the knot that coincides with the interface is given a multiplicity of p + 1 = 3. In Figure 8 two subsequent uniform mesh refinements are also shown, with 32 elements (144 DOFs) and 128 elements (400 DOFs), respectively. In addition, the response of the system was determined using a mesh with 2048 elements (4644 DOFs), which we refer to as the reference solution.
The response of the system is measured in terms of the σ x1x1 stress at x = (15, 0) µm versus the prescribed displacement of the left and right edges. Initially displacement control is used in whichū increases with steps of 2.5 · 10 −2 µm. Once 1 · 10 −8 mJ (per unit depth of the specimen) of energy is dissipated in a step, energy release rate control [35] is used with steps of 5 · 10 −7 mJ. This maximum dissipation step corresponds to the complete debonding of 0.125 µm of adhesive interface. The complete debonding process is therefore captured by approximately 60 dissipation steps, which is found to give accurate results in the sense that the response curves do not visually change when decreasing the step size. Using an initial dissipation step smaller than the maximum dissipation step results in a smooth transition from displacement control to energy release rate control. Although energy release rate control efficiently traces the complete equilibrium path, we note that for the present simulation it is not strictly required since no global snapback behavior occurs. The response curves for the various NURBS meshes are shown in Figure 9 . The reference solution is in excellent agreement with the results reported in [33] , which were obtained using a partition of unity-based finite element discretization with 2500 linear quadrilateral elements. The result determined using 128 elements coincides with that of the reference solution and is therefore not visible in Figure 9 . As can be seen, the curve obtained using 32 elements is already in good agreement with the reference solution. With only 132 degrees of freedom (66 control points for the 32 elements mesh), the performance of the NURBS discretization compares favorably with those obtained using the partition of unity method in terms of computational effort [33] .
From the response curves it is observed that initially the stress in the measurement point increases as the edge displacement increases. The debonding of the fibre and epoxy leads to a softening regime in the response curve. After the fibre and epoxy have fully debonded, the force again increases as the epoxy remains carrying the loads. The debonding process is visualized in the contour plot shown in Figure 10 . From this contour plot it is also observed that the σ x1x1 component (as well as the other components) of the stress is continuous in either of the two subdomains. This is a consequence of the C 1 continuous fields that are obtained using second-order NURBS. It is seen that the multiplicity of three of the knot representing the interface indeed results in a discontinuity in the displacement field. Note that although the fibre and epoxy appear to be separated, significant tractions are still carried by the zerothickness cohesive interface layer which is not visible in the Figure 10 . This is a result of the traction-opening law which gradually loses its strength upon opening.
Double cantilever beam experiment
The second numerical experiment we consider is the double cantilever beam as introduced in [36] . The two cantilever beams shown in Figure 11 are connected by an adhesive layer and are loaded by a force P at the bottom right tip of the lower beam. The beams are assumed to have unit depth and plane stress conditions are assumed. A small initial notch, with dimensions 1 × 1 mm, is created in the middle of the upper edge of the upper beam to ensure crack nucleation at that point. Moreover, crack nucleation near the supports is prevented, so that only a crack starting from the notch is obtained. In order to reproduce the simulation in Ref. [36] , the crack is forced to nucleate from the center of the notch.
A linear elastic isotropic material law is used for the beams with modulus of elasticity 20 GPa and Poisson's ratio 0.2. We describe the fracture process in the bulk material by means of the cohesive law, e.g. [9] t n = t ult exp − t ult Gc κ (28)
Here we consider the mode I case, i.e. with d int = 0. For the fracture strength and fracture toughness we take t ult = 2.5 MPa and G c = 0.04 N/mm, respectively. The history parameter κ is determined by the loading function f = u n − κ, which evolves according to the KuhnTucker conditions (27) . In the case of unloading (f < 0), the traction components are linearly related to those of the opening by their respective secant stiffnesses. In the case of negative normal opening, an additional penetration stiffness of 1 · 10 6 MPa/mm is added in the normal direction. The tip stress smoothing length in equation (21) is taken equal to 1.8 mm.
The traction-opening behavior of the adhesive layer is governed by the Xu-Needleman law in equation (25) and (26) . The fracture strength and fracture toughness are taken as 1.0 MPa and 0.01 N/mm, respectively. The mode-mixity parameter β again equals 2.3 and the penetration stiffness is equal to k p = 100 MPa/mm.
The geometry and deformation of the double cantilever beam are described using a T-spline mesh. We consider the T-mesh in its index space ( Figure 12 ) and note that the horizontal direction (or i-direction) in the index space coincides with the x 1 -direction in the physical space (and the j-direction with the x 2 -direction). We restrict ourselves to the use of thirdorder T-splines (p = t = 3). As can be seen in Figure 12 , the adhesive interface between the two beams is modeled by creating a knot multiplicity of t+1 = 4 in the vertical direction, hence η 4 = η 5 = η 6 = η 7 , which could also be observed from the fact that no elements (shaded area in the plot) are present between the corresponding index lines. Note that this discontinuity runs throughout the complete domain in the horizontal direction, and could also have been described using a single NURBS patch. This is not the case when we consider the representation of the notch in the upper beam. Obviously, in order to create the 90 degree corners in the upper boundary, we require the parameterization to be locally C 0 continuous. This local continuity condition is enforced by inserting additional knots with multiplicity m = 3 such that p − m = 0. These four groups of three knots (i.e. ξ 4 = ξ 5 = ξ 6 , ξ 7 = ξ 8 = ξ 9 , ξ 11 = ξ 12 = ξ 13 , ξ 14 = ξ 15 = ξ 16 ) represent the four corners of the notch. Note that in the case of a NURBS mesh, these inserted C 0 continuities would inevitably propagate throughout a complete patch. In the case of a T-mesh, however, the C 0 continuities can be restricted to where they are needed, i.e. on the upper edge. This is achieved by only inserting additional control points on the upper edge, Figure 12 . To illustrate this we consider the knot span in the horizontal direction of the control point (10,10), which changed from Ξ 10,10 = {ξ 2 , ξ 3 , ξ 10 , ξ 17 , ξ 18 } before the control point insertion to Ξ 10,10 = {ξ 8 , ξ 9 , ξ 10 , ξ 11 , ξ 12 } after. Hence, on the upper edge the basis functions change. However, if we consider control point (10, 8) we observe that the horizontal knot span before and after control point insertion is Ξ 10,8 = {ξ 2 , ξ 3 , ξ 10 , ξ 17 , ξ 18 }, and hence the corresponding basis function is unaffected.
The physical mesh corresponding to the index space of Figure 12 is shown in Figure 13 and 564 degrees of freedom, respectively. In Figure 14 we illustrate how the T-spline mesh evolves as the crack propagates. The top figure shows the intermediate T-spline mesh before crack nucleation. In the middle figure, a crack has nucleated from the initial notch and the discontinuity has extended into the first element from the top. The bottom figure shows the T-spline mesh when the crack has propagated though the complete upper beam and is arrested at the adhesive interface. The response of the double cantilever beam is shown in Figure 15 . Initially, the forcedisplacement curve is traced using displacement control with steps of 2.5 · 10 −3 mm forū. When 0.01 mJ of energy is dissipated in a single displacement step, energy release control is used with a maximum dissipation step of 0.02 mJ. The maximum dissipation step is here selected such that the crack does not extend over multiple elements in a single load step. A somewhat smaller initial dissipation increment is used to smoothen the transition from displacement control to energy release rate control. Although energy release rate control is not strictly necessary for this simulation, it was found to efficiently and robustly trace the complete equilibrium path. As can be seen in Figure 15 , the response for the intermediate mesh practically coincides with that of the fine mesh, indicating that an accurate solution is obtained using the intermediate mesh. The results are in excellent agreement with these found in [36] where 2079 linear quadrilateral elements were used. As can be observed from the contour plot in Figure 16 , a crack nucleates at the notch upon loading and runs downward into the adhesive layer. In contrast to the results reported in [36] , the crack is allowed to curve. The effect of this curvature on the global response of the beam is negligible. As can be seen, at a downward displacement of u = 0.15 mm, the propagating crack has been arrested at the adhesive interface. The continuing dissipation of energy, as observed from Figure 15 , is a result of the mixed-mode adhesive law used to model the delamination of the beams. Once the beams have fully delaminated, the load is fully carried by the lower beam. 
Single-edge notched beam experiment
The third simulation is that of the single-edge notched (SEN) beam, shown in Figure 17 . The anti-symmetric loading conditions applied to the specimen create a curved crack that nucleates from the initial notch in the upper edge. Experimental studies of the fracture process in such concrete beams have been performed by Schlangen [37] . Following the first successful numerical simulation of this problem [38] , several numerical techniques have been used, such as the partition of unity method [9] and gradient-enhanced continuum damage [39] . The concrete is modeled as a linear elastic isotropic material with modulus of elasticity of 35 GPa and Poisson's ratio 0.15, and plane strain conditions are assumed. As reported in [40] the difference in global response between the plane stress and plane strain case is negligible due to the small Poisson's ratio. The steel loading plates are also modeled with a linear elastic isotropic material law, with a modulus of elasticity of 210 GPa and a Poisson's ratio of 0.3. The fracture process in the concrete is described by the cohesive law introduced in section 5.2. The fracture strength and fracture toughness are taken equal to t ult = 2.8 MPa and G c = 0.1 N/mm, respectively. The initial shear stiffness d int is taken equal to 1 MPa/mm and h s , which governs the degradation of the shear stiffness, is assumed to be zero. The penetration stiffness is taken as 1 · 10 5 MPa/mm and the smoothing length in equation (21) has been taken equal to 3.5 mm. The SEN-beam geometry and the deformation are described using a cubic (p = t = 3) T-spline mesh. As can be seen in Figure 18 , the T-spline mesh allows for local control point insertion to represent the loading plates and the initial notch. The coarsest mesh which we have considered consists of 130 elements (402 DOFs). Two uniform mesh refinements have been performed, with 334 elements (868 DOFs) and 1204 elements (2734 DOFs), respectively. The equilibrium path is traced using the crack mouth sliding displacement (CMSD), which is defined as the difference in vertical displacement between the notch tips, as the path parameter [38] . The CMSD is increased with steps of 1 · 10 −3 mm. For the coarsest mesh, using the local stress to determine the nucleation direction turned out to yield unrealistic results. For this reason the direction of nucleation was based on the non-local stress as used for the tip stress, with a non-local length of 7 mm. Although not necessary, for consistency this has also been done for the intermediate and the fine mesh.
The response of the SEN-beam computed using the three meshes is shown in Figure 19 . The response is measured in terms of the exerted force P versus the CMSD. From Figure 19 it is observed that the result using the intermediate mesh practically coincides with that of the fine mesh. It is therefore concluded that an accurate solution can already be obtained with only 334 elements. From the response it is also observed that the coarsest mesh experiences significant kinks in the response curve (see Figure 19 ). These kinks in the response curve are caused by the fact that the crack is abruptly extended when the propagation criterion is violated. The more gradual extension of the crack on the finer meshes reduces these effects significantly. In Figure 20 a contour plot of the cracked SEN-beam is shown. The dominant crack nucleated at the bottom right corner of the initial notch at an angle of 37 degrees with the x 2 -axis. As the crack extends it gradually turns to an angle of zero degrees with the vertical axis, which is in good agreement with experimental observations. From the contour plot it can also be observed that a secondary crack nucleates at the bottom edge of the specimen. Also this secondary crack has been observed experimentally. Note from the contour plot that both crack paths are C 1 continuous since the directions of the normal vectors from one segment to another have been matched.
CONCLUSIONS
The possibility of enhancing a B-spline basis with discontinuities through knot insertion makes isogeometric finite elements suitable for the capturing of discontinuities, in particular cracks. Non-uniform rational B-splines (NURBS) are useful for problems with pre-defined discontinuities. T-splines are more useful for propagating cracks, since they offer the possibility to create localized discontinuities. From an implementation point of view, the concept of Bézier extraction [29] allows for a unified approach to NURBS and T-splines, and will allow this approach to be extended to T-splines of arbitrary topology. The capability of NURBS and T-splines to exactly represent a broad range of geometric entities, makes them an attractive alternative for classical finite elements for many problems of engineering interest. Isogeometric finite elements were, for example, found to give an efficient and robust discretization of a fibre-epoxy system. For such problems, an additional advantage of isogeometric analysis is that the geometry obtained from computer aided design can directly be used as a mesh, thereby practically eliminating the analysis costs associated with mesh generation.
For the numerical simulations considered in this work, the isogeometric approach was found to give efficient discretizations in terms of the number of degrees of freedom and the required computational effort. We attribute this efficiency to the higher-order continuity of the basis. The ability to capture smooth stress fields and smooth cracks results in accurate results for relatively coarse meshes. The advantages of higher-order continuity are expected to be more profound in the case of slender structures, making isogeometric finite elements suitable for modeling cracks in, for instance, shells.
The isogeometric approach to cohesive zone formulations is anticipated to be applicable to a broad range of problems with propagating discontinuity boundaries. The configurational force models for brittle fracture [18] are examples of such problems. In this contribution we have enhanced the solution space with discontinuities by means of knot insertion, but isogeometric analysis can also be used in combination with the partition of unity method. We finally note that the concept of Bézier extraction not only unifies the treatment of NURBS and T-splines, but potentially also reduces the complexity of the implementation. Easing the implementation of the presented method is desirable, particularly when three-dimensional models are to be considered.
APPENDIX I. T-spline knot vectors: An illustration
To illustrate the definition of the T-spline knot vectors introduced in section 3.3, we present the local knot vectors for the upper two T-spline meshes shown in Figure 5 in Table I and Table II. From  Table I it can be seen that if the local knot span of a T-spline basis function falls outside the T-mesh, the boundary knot is repeated. In Ξ2,4, for example, knot ξ1 is duplicated to construct the local knot vector. From Table II it is observed that inserting the discontinuity in the middle mesh of Figure 5 affects some knot vectors, e.g. H2,3, whereas others are unaltered, e.g. H8,2.
i, j Ξ i,j H i,j 1,1 {ξ 1 , ξ 1 , ξ 1 , ξ 2 , ξ 3 } {η 1 , η 1 , η 1 , η 2 , η 3 } 2,1 {ξ 1 , ξ 1 , ξ 2 , ξ 3 , ξ 4 } {η 1 , η 1 , η 1 , η 2 , η 3 } 3,1 {ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 } {η 1 , η 1 , η 1 , η 2 , η 3 } 4,1 {ξ 2 , ξ 3 , ξ 4 , ξ 5 , ξ 6 } {η 1 , η 1 , η 1 , η 2 , η 3 } 5,1 {ξ 3 , ξ 4 , ξ 5 , ξ 6 , ξ 6 } {η 1 , η 1 , η 1 , η 2 , η 3 } 6,1 {ξ 4 , ξ 5 , ξ 6 , ξ 6 , ξ 6 } {η 1 , η 1 , η 1 , η 2 , η 3 } 1,2 {ξ 1 , ξ 1 , ξ 1 , ξ 2 , ξ 3 } {η 1 , η 1 , η 2 , η 3 , η 4 } 2,2 {ξ 1 , ξ 1 , ξ 2 , ξ 3 , ξ 4 } {η 1 , η 1 , η 2 , η 3 , η 4 } 3,2 {ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 } {η 1 , η 1 , η 2 , η 3 , η 4 } 4,2 {ξ 2 , ξ 3 , ξ 4 , ξ 5 , ξ 6 } {η 1 , η 1 , η 2 , η 3 , η 4 } 5,2 {ξ 3 , ξ 4 , ξ 5 , ξ 6 , ξ 6 } {η 1 , η 1 , η 2 , η 3 , η 4 } 6,2 {ξ 4 , ξ 5 , ξ 6 , ξ 6 , ξ 6 } {η 1 , η 1 , η 2 , η 3 , η 4 } i, j Ξ i,j H i,j 1,3 {ξ 1 , ξ 1 , ξ 1 , ξ 2 , ξ 3 } {η 1 , η 2 , η 3 , η 4 , η 4 } 2,3 {ξ 1 , ξ 1 , ξ 2 , ξ 3 , ξ 4 } {η 1 , η 2 , η 3 , η 4 , η 4 } 3,3 {ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 } {η 1 , η 2 , η 3 , η 4 , η 4 } 4,3 {ξ 2 , ξ 3 , ξ 4 , ξ 5 , ξ 6 } {η 1 , η 2 , η 3 , η 4 , η 4 } 5,3 {ξ 3 , ξ 4 , ξ 5 , ξ 6 , ξ 6 } {η 1 , η 2 , η 3 , η 4 , η 4 } 6,3 {ξ 4 , ξ 5 , ξ 6 , ξ 6 , ξ 6 } {η 1 , η 2 , η 3 , η 4 , η 4 } 1,4 {ξ 1 , ξ 1 , ξ 1 , ξ 2 , ξ 3 } {η 2 , η 3 , η 4 , η 4 , η 4 } 2,4 {ξ 1 , ξ 1 , ξ 2 , ξ 3 , ξ 4 } {η 2 , η 3 , η 4 , η 4 , η 4 } 3,4 {ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 } {η 2 , η 3 , η 4 , η 4 , η 4 } 4,4 {ξ 2 , ξ 3 , ξ 4 , ξ 5 , ξ 6 } {η 2 , η 3 , η 4 , η 4 , η 4 } 5,4 {ξ 3 , ξ 4 , ξ 5 , ξ 6 , ξ 6 } {η 2 , η 3 , η 4 , η 4 , η 4 } 6,4 {ξ 4 , ξ 5 , ξ 6 , ξ 6 , ξ 6 } {η 2 , η 3 , η 4 , η 4 , η 4 } Table I . T-spline knot vectors for the upper T-spline mesh in Figure 5 . 
